Hamiltonian approach to the dynamical Casimir effect * 
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A Hamiltonian approach is introduced in order to address some severe problems associated with 
the physical description of the dynamical Casimir effect at all times. For simplicity, the case of 
a neutral scalar field in a one-dimensional cavity with partially transmitting mirrors (an essential 
proviso) is considered, but the method can be extended to fields of any kind and higher dimensions. 
The motional force calculated in our approach contains a reactive term — proportional to the mirrors' 
acceleration — which is fundamental in order to obtain (quasi)particles with a positive energy all 
the time during the movement of the mirrors — while always satisfying the energy conservation law. 
Comparisons with other approaches and a careful analysis of the interrelations among the different 
results previously obtained in the literature are carried out. 

PACS numbers: 42.50.Lc, 03.70.+k, ll.lO.Ef 



Introduction. — Moving mirrors modify the structure of 
the quantum vacuum, what manifests in the creation 
and annihilation of particles. Once the mirrors return 
to rest, a number of the produced particles may still 
remain which can be interpreted as radiated particles. 
This flux has been calculated in several situations by us- 
ing different methods, as averagingover fast oscillations 
[11) Hi) by multiple scale analysis 3; '^ith the rotating 
wave approximation with numerical techniques 
and others . Here we will be interested in the produc- 
tion of the particles and their possible energy all the time 
while the mirrors are moving. In the case of a single, per- 
fectly reflecting mirror, the number of produced particles 
as well as their energy diverge while the mirror moves. 
Several renormalization prescriptions have been used in 
order to obtain a well-defined energy, however, for some 
trajectories this finite energy is not a positive quantity 
and cannot be identified with the energy of the produced 
particles (see e.g. 0)- 

Our approach relies on two basic ingredients: proper 
use of a Hamiltonian method and the consideration of 
partially transmitting mirrors, which become transparent 
to very high frequencies. We shall prove, in this way, both 
that the number of created particles is finite and also that 
their energy is always positive for the whole trajectory 
corresponding to the mirrors' displacement. We will also 
calculate the radiation-reaction force that acts on the 
mirrors owing to the emission and absorption of particles, 
and which is related with the field's energy through the 
energy conservation law, so that the energy of the field 
at any time t is equal, with opposite sign, to the work 
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performed by the reaction force up to time t Such 
force is usually split into two parts 13, U | : a dissipative 
force whose work equals minus the energy of the particles 
that remain and a reactive force vanishing when the 
mirrors return to rest. We will show that the radiation- 
reaction force calculated from the Hamiltonian approach 
for partially transmitting mirrors satisfies, at all time, the 
energy conservation law and can naturally account for the 
creation of positive energy particles. Also, the dissipative 
part we will obtain agrees with the one calculated by 
other methods, as using the Heisenberg picture or other 
effective Hamiltonians. Note that those methods have 
problems with the reactive part, which in general yields 
a non-positive energy that cannot be considered as that 
of the particles created at any t. 

In what follows, we first introduce the Hamiltonian 
method for a neutral Klein-Gordon field in a cavity with 
boundaries moving at a certain speed v « c. Then, a 
single partially transmitting mirror in 1-1-1 spacetime will 
be studied in order to illustrate the procedure and prove 
the above statements. Our results will be compared with 
the ones in the literature. Finally, the case of two mir- 
rors will be investigated, to see that also here we obtain 
physically meaningful quantities while the mirrors move, 
in an unambiguous way, and that the dissipative force 
does agree with previous results by other authors. 

The Hamiltonian formulation. — Consider a neutral 
massless scalar field in a cavity fit, and assume that 
the boundary is at rest for time t < and returns to 
its initial position at time T. Suppose also its veloc- 
ity to be of order e = v/c (dimensionless, it is of or- 
der 10~* in [23|, see later). The Lagrangian density 
of the field is £(t,x) = \[{dt(t)f - |Vx<?!)p], x e 17* C 
R'^, t G M. In terms of the canonical conjugated momen- 
tum ^(t,x) = = dt<j){t,x), the energy density of 

the field is £{t,^) = ^dt(t> - C{t,^) = + iVxcZ-P) , 
while its energy is E{t;e) = J^^ d^x.£{t,x). As is well 
known, this energy density does not coincide with the 
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Hamiltonian one 14 1. The Hamiltonian density can 



be conveniently obtained using the method in 15 1. 

First, a (non-conformal) coordinate change is used to 
convert the moving boundary ^If into a fixed one ft: 
(<(f,y),x(t,y)) -7^(^,y) = (i,R(f,y)) (t the newjime). 
The action of the system is 5 = J^g^ J^(PydtC{t,y), 
with £{t,y) = J£(Ji{t,y)), being J the Jacobian of 
the change, d^x = J(Py. For the function y) = 
\/j(l){TZ{t,y)), the conjugated momentum is ^(i, y) = 
„fJ'-r, — VJdt4i{Tl{t,y)), and the Hamiltonian density 

niy) - ^ + ^|Vx0p) +^di^-VJM) . (1) 

In the coordinates (t, x), after some calculations, 

nit, x) = £{t, x) + c{t, x)(a,R(7^-l(^, x)), Vx0(t, x)) 



(2) 



For a single mirror which follows a prescribed trajec- 
tory {eg{t), t) in 1 + 1 spacetime, we can set R{t, y) = y + 
eg{t), and obtain H{t, x) = £{t, x) + eg{t)^{t, x)dx4i{t, x). 

Case of a single, partially transmitting mirror. — We 
here consider a single mirror in 1 + 1 spacetime, following 
a prescribed trajectory {t,eg(t)). When the mirror is at 
rest, scattering is described by the matrix 



s{uj) 
r{uj)e'^"^^ 



s{uj) 



(3) 



where x = L is the position of the mirror. The S matrix is 
taken to be real in the temporal domain, causal, unitary, 
and the identity at high frequencies [iq . Specifically: 
(i) S{-Lu) = S*{uj), (ii) S{uj) is analytic for Im (lu) > 0, 
being s{uj) and r(u;) meromorphic (cut-off) functions (the 
material's permitivity and resistivity), (iii) S{uj)S^ (uj) — 
Id, and (iv) S{uj) Id, when |cl;| oo. 

To reach the quantum theory from the Hamiltonian 
approach, we set the mirror at ?/ = in the above coor- 
dinates; the right and left incident modes are 
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{s{Lu)e-'^y9{-y) 



+ [e-'^y + r{u)e''^y]e{y)] , (4) 
e"^y + r{u)e-"^y' 
+ s(c.)e-^%)}. (5) 



g^.Liy) = ^= { [e-y + r{u;)e-^-y] e{~y) 



In the coordinates {t, x) the instantaneous set of the right 
and left incident eigenfunctions which generalize the set 
for a perfectly reflecting mirror is guj,j{t, x; e) = guijix — 
j ^ R^ I'^ general, we do not know which is the 
part of the Hamiltonian that describes the interaction 
between the field and the mirror. To get the quantized 



theory, the energy of the field E{t) = dx£{t, x) which 
in presence of a single mirror does not depend on e must 
be considered as part of the free Hamiltonian of the sys- 
tem. In the interaction picture, the Schrodinger eq. is 

idt\^) = eg{t) J dxii{t,x;e)dx^i{t,x]t)\^) (6) 

= eg{t) [ dxii{t,x;0)dJi{t,x;Om + Oie^), 



the average number of (quasi)particles [17| and the dy- 
namical energy (e.g., the energy of the created particles) 
at time t are, respectively. 



poo 

E / rf^(o|(r')Ul,/.,,r*|o), (7) 

poo 

im) ^ E / rf^^(o|(r*)^al,/.,,r'|o), (8) 

being T* the quantum evolution operator. A simple but 
cumbersome calculation yields the following results 



i^+^'y 

,'M2 



9tiiJ + Lu') (9) 



x[\ricu)+r*{co')\' + \siu;)-s*ico')\'] + Oie% 



+ w') 



g0t{uj+u;') (10) 



X Mlu) + r*{io')\' + \siu;) - s*{io')\'] + ©(e^), 

where 9t is Heavyside's step function, Ot{T) = 9{t — r), 
and / the Fourier transform of /. 

These two quantities are in general convergent. How- 
ever, for the seminal Davis-Fulling model [7| of a sin- 
gle, perfectly reflecting mirror, both quantities diverge 
when the mirror moves or when its movement has 
discontinuities of some kind [3j 13 • To obtain a 
finite energy, different regularization techniques have 
been used. For instance, with a frequency cut-off 
e""*"", with < 7 <C 1, the regularized energy is 



and im- 



posing that the kinetic energy of the moving boundary 
be i (^Mexp — £^5^(07 with Mexp the experimen- 

tal mass of the mirror, some authors conclude that the 
renormalized dynamical energy, namely Enit), is [7|-(loj 



(ERit)) 



6tt 
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f{T)dT 



(11) 



However when t < 5, with < (5 ^ 1, this renormal- 
ized energy is negative, which shows that, while the mir- 
ror moves, the renormalized energy cannot be considered 
as the energy of the produced particles at time t (cf. 
the paragraph after Eq. (4.5) in [7]). We interpreted 
such results as implying that a perfectly reflecting mir- 
ror is non-physical and decided to approach the problem 
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by considering instead a partially transmitting mirror, 
transparent to high frequencies. Results are rewarding: 
in our Hamiltonian approach Eqs. ([1]), ([5]), PH)) . for the 
radiation- reaction force, e.g., the difference between the 
energy density of the evolved vacuum state on the left 
and right sides of the mirror, we do get the right sign 



-Re 



-i{uj+Lj')t (^\2) 



la JO i^ + i^' 
^t{co + Lo')] [\riu;) + r*(c.')P + - + 

Note this integral diverges for a perfect mirror (r = —1, 
s = 0, ideal case), but nicely converges for our partially 
transmitting (physical) one where r(w) 0, s{uj) 
1, as w ^ oo (see ([3]) and ff). Energy conservation is 
fulfilled: the dynamical energy at any time t equals, with 
the opposite sign, the work performed by the reaction 
force up to that time t in fact, from (fTU|) and 



m)) 



-e / {FHa{T))g{T)dT. 



(13) 



Comparison with other results. — First, we have re- 
peated the calculations using the Heisenberg picture ap- 
proach of [l^ . We have got the "in" modes when the mir- 
ror describes the prescribed trajectory {t,€g(t)). Then, 
we have obtained the average number of produced parti- 
cles after the mirror returns to rest: [201 



J\f{t >T) = 



E 

i,j = R,L 



cLudLo' 



' (14) 



by calculating the Bogoliubov coefficients 
the null future infinity I"*" (outgoing modes acquire a very 
simple expression in X"*"). The final result turns out to 
be exactly the same expression 

The radiation-reaction force in the Heisenberg picture, 
{FH{t)), is the difference between the energy density of 
the "in" vacuum state on the left and right sides of the 
mirror. A simple calculation shows that the energy den- 
sity on both sides of the mirror is 

f°° ie f 

{£{t,x)) — / dujLu ± —— / dujdu!'u!Lu'g{Lu + u!')x{uj) 
Jo Stt^ Jr2 

X [1-1- r{Lu)r{uj') - s{u;)siu;')]e^'^''+'^'>0{±{eg{t) - x)) 

+0{e^), (15) 

x(cj) = 6{uj) — 6{~uj) being the sign function. Note 
that the term of order e is ill-defined, since the function 
ujuj'g{uj + uj')[l + r{uj)r{uLi') — s{lo)s{uj')\ is not Lebesgue 
integrable. Some regularization is needed to obtain a 
well-defined quantity. Defining the regularized energy by 

/•oo 

(£(i,a;;7)> =^ / d^e"^" [9„(/.»-K^;7)5uCj("'«;7) 



]=R,L- 



9.0L",(",«;7)5.0L";(",«;7)], (16) 



with the "in" modes regularized to obtain a cut-off inde- 
pendent quantity 2l|, in the Heisenberg picture reads 



{Fnit-^)) 



8^ 



dujduj'ujLu' g{uj + uj')[x{(-o) + x{^')] 



X [1 + riuj)r{uj') - s(w)s(w')]e"^'''"'+'"''^e-*("+"''* 



-0(e2). 



(17) 



This converges and is cut-off independent, and a possible 
definition of the renormalized radiation-reaction force is 



{FH,ren{t)) — 



87r2 



dhjdw' ujLo' g{uj + cj')[x(w) + x{'^')] 



X [1 + r{u)r{Lo') - s{Lo)s{Lo')]e'''^^+^'^' + ©(e^). (18) 

In general, this formula disagrees with the radiation- 
reaction force (fT2)l which was obtained using the Hamil- 
tonian approach. Moreover, we have been able to prove 
(details will be provided elsewhere 2l|) that the force 
(fT5)l coincides with the radiation-reaction force calcu- 
lated by Jaekel and Reynaud [l^l after renormalization: 
{Fj,R,ren{t)) = {FH,ren{t))- We thus concludc that the 
method of Jaekel and Reynaud is equivalent to the quan- 
tum theory in the Heisenberg picture. Furthermore, note 
that eJ^dt{FHait))g{t) = e J^dt{Fj {t))g{t), and 
this identity proves that the dissipative parts of (-F//a(i)) 
and {Fj^ji^ren{t)) always agree. 

However, in several situations the reactive parts do not 

match. For instance if r(w) ~ and s{w) — 

with a > 0, there is the relation 



(FHait)) = + {Fj^B.,renit)), (19) 

Zn 



where 



The two forces differ in a reactive term. Now the cru- 
cial point is that, during the movement of the mirror, 
the work done by the motion force (Fj,K,ren(i)) is not a 
negative quantity. Consequently, the dynamical energy is 
not positive and a meaningless result is obtained because 
the dynamical energy is the energy of the produced par- 
ticle. To avoid this difficulty, the reactive term —§^g{t), 
which most naturally appears in the Hamiltonian formu- 
lation for a partially transmitting mirror, comes to rescue 
and renders a physically meaningful result. 

Barton and Calogeracos ll| (see also 23|) studied the 



case r{'w) 



with a > 0. The inter- 



action between field and mirror can be described there by 
the Lagrangian density ^ [{dtcj))"^ — (c?^;;/))^] — a(j)'^S{x — 
eg{t)). With the Hamiltonian method we have obtained 
the corresponding quantized Hamiltonian, and 

jdx£{t,x)+a$'{t,eg{t)) =Y,JdLULu{dl^d^,j + 1/2), (21) 
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from where we conclude that the quantum equation, in 
the interaction picture, is given by ([6]). This leads, for 
these reflection and transmission coefficients, back to our 
formulae PH]) . (fT^ . However, two important differ- 
ences exist between those and our results. First, to obtain 
the Schrodinger equation, these authors make a unitary 
transformation which does not seem easily generalizable 
to the case of two moving mirrors. And second, in [lH, 
following [lo| . a mass renormalization is performed 
— in order to eliminate the reactive part of the motion 
force — where the energy of the field is not a positive 
quantity at any time t. Again, the concept of particle is 
ill-defined during the mirror's displacement. 

Two partially transmitting mirrors. — We have finally 
extended our method to the case of two moving mirrors 
that follow prescribed trajectories, {t, Lj{t; e)), where 
Lj{t;e) = Lj + egj(t), with j = 1,2, assuming that 
Li{t;e) < L2{t;e), for all t E M.. In this case it is 
impossible, in practice, to work in the Heisenberg pic- 
ture, because it is extremely difficult to obtain the "in" 
and "out" mode functions in the presence of the two 
moving mirrors. Instead, in order to get the dissipa- 
tive part of the motion force, the number of radiated 
particles, and their energy, the approach of Jaekel and 
Reynaud can be used, which starts from the effective 
Hamiltonian Hj^r = — 2 where Fj{t) = 



lim^^c 



£{t,L,~\S\)-£{t,L, + \6\) 



ator at the point 



is the force oper- 



Lj [24]. However this method 



does not seem useful to obtain the reactive part of the 
motion force and the dynamical energy while the mir- 
rors move. As before, in order to get those quanti- 
ties we are led to use our Hamiltonian approach. This 
demands now considerable effort [2l|, e.g., generaliz- 
ing the model [ll|, described by the Lagrangian den- 
sity i [(9^0)2 - -^^.^^ 2 a,^^5ix-L,{t;e)), the 

Hamiltonian in the interaction picture has the form 



Hi{t) = - 



L2 — Li 



dy<Pi{y){y- Lj) + ^^(Piiv) 



(22) 



in terms of free quantum fields defined from an expan- 
sion in terms of left and right incident eigenfunctions. 
Our dissipative part of the motion force 2l| coincides 
with the one obtained in 2J]. For times r larger than 
the stopping time, our quantum evolution operator is 



= Id - i Jg^dtHj{t). Using results from [ll|, we ob- 
tain explicitly that, for times r larger than the stopping 
time, T'^ = Id + jeX]j=i 2 /r ^t9jit)L'j{t), as it should be. 
We see no basic obstruction to extend our procedure to 
higher dimensions and fields of any kind. 



We should mention, to finish, that there are propos- 
als to detect the radiated photons, although the reactive 
part and the possible deviations from conservative mo- 
tion seem out of experimental reach yet [25| . 
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